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The plan for today

» Part 1: A (Very) Brief History of Probabilistic Language Modelling
> Word embeddings, sequence-to-sequence, GPT
» Part 2: Decoder Transformer Architecture
> Tokenizer
> Multi-headed Attention
> Positional Encodings
» Part 3: Architecture Variations, Inference, Post-Training
> Architecture choices (shapes, normalizations, activations)
> Inference: prefill vs decode, attention variants (MQA, GQA, MLA)
> Post-training: SFT vs RLHF
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Part 1: A (Very) Brief History of Probabilistic Language
Modelling



(Probabilistic) Language Models

» Probability of word sequence wy.1
-

p(wi.t) = HP(Wt | wiit—1)

t=1

where w;; = {w;, Wiy1,...,wj_1, wj}.
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(Probabilistic) Language Models

» Probability of word sequence wy.1
-
p(wi.t) = HP(Wt | wi:e-1)
t=1
where w;.j = {w;, Wiy1,..., wj_1, w;}.
» With p(wy.7) we can:
> rank sequences (likelihood / perplexity),
> translation via p(wi.7 | s1.7) o p(si.7 | wa.T) p(wa.T),
> generate by sampling p.
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t=1
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» With p(wy.7) we can:
> rank sequences (likelihood / perplexity),
> translation via p(wi.7 | s1.7) o p(si.7 | wa.T) p(wa.T),
> generate by sampling p.

Problem: data sparsity + curse of dimensionality
» Huge vocabulary — many different words

» Long contexts — many different word sequences
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(Probabilistic) Language Models

» Probability of word sequence wy.1
-

p(wi.t) = HP(Wt | wiit—1)

t=1
where w;.j = {w;, Wiy1,..., wj_1, w;}.

» With p(wy.7) we can:
> rank sequences (likelihood / perplexity),
> translation via p(wi.7 | s1.7) o p(si.7 | wa.T) p(wa.T),
> generate by sampling p.

Problem: data sparsity + curse of dimensionality
» Huge vocabulary — many different words

» Long contexts — many different word sequences
» N-grams: Markov assumption

P(Wt ‘ Wl:t—l) ~ P(Wt | Wt—N+1:t—1)

but it destroys long-range context.
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Early Word Embeddings (Bengio et al., 2003)

» Learn an embedding matrix C € RY*P and a predictor fo

p(Wt | Wl:t—l) ~ f@(cl(wt,l)a sy CI(WI,N))a

where I(w) € {1,..., V} indexes the vocabulary and ¢y is the corresponding row of C.
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Early Word Embeddings (Bengio et al., 2003)

» Learn an embedding matrix C € RY*P and a predictor fo
p(Wt | Wl:t—l) ~ f@(cl(wt,l)a sy CI(WI,N))a
where I(w) € {1,..., V} indexes the vocabulary and ¢y is the corresponding row of C.

Idea 1: Smoothness = generalization
» Discrete words have no notion of “small change”; vectors do.

» If “cat” and “dog” have close embeddings and fg is smooth, then probability mass transfers
to neighbors in sentence space. Cat is walking on a road ~ Dog is walking on a road.
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Early Word Embeddings (Bengio et al., 2003)

» Learn an embedding matrix C € RY*P and a predictor fo

p(Wt | Wl:t—l) ~ f@(cl(wt,l)a sy CI(WI,N))a

where I(w) € {1,..., V} indexes the vocabulary and ¢y is the corresponding row of C.

Idea 1: Smoothness = generalization
» Discrete words have no notion of “small change”; vectors do.

» If “cat” and “dog” have close embeddings and fg is smooth, then probability mass transfers
to neighbors in sentence space. Cat is walking on a road ~ Dog is walking on a road.

Training and early limitations

» Approach: Next token prediction from N previous; optimize cross-entropy over V' words.
» The N-gram Era: Pre-GPU compute and shallow architectures:

> “[N]eural probabilistic language models remain far less widely used than N-gram models due to
their notoriously long training times...” (Mnih & Teh, 2012)

» Overcoming required new hardware (GPUs) and architectures (RNNs, Transformers).
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word2vec (Mikolov et al., 2013)

» The AlexNet (2012): Scale efficient architecture + GPU training.
» But early neural language models too expensive for large vocabularies.
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word2vec (Mikolov et al., 2013)

» The AlexNet (2012): Scale efficient architecture + GPU training.
» But early neural language models too expensive for large vocabularies.

Idea 2: Efficiency = Train on massive data = Rich representations
» Simple architecture: Remove non-linear hidden layers (only a log-linear model).

» Trick for “cheap” softmax: Compute probabilities only for the vocabulary V that is
important.
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word2vec (Mikolov et al., 2013)

» The AlexNet (2012): Scale efficient architecture + GPU training.
» But early neural language models too expensive for large vocabularies.

Idea 2: Efficiency = Train on massive data = Rich representations

» Simple architecture: Remove non-linear hidden layers (only a log-linear model).

» Trick for “cheap” softmax: Compute probabilities only for the vocabulary V that is

important.

» Emergent Structure: Simple dot products vec(“paris”) vec(‘rome’)
learned complex geometry. + vec(‘italy’)

» Analogies became linear math:
vec(King) — vec(Man) + vec(Woman) & vec(Queen) /

vec(“paris”) /
vec(“france”) /

vec(“france”) e/c(jlaly”)

Linear structure emerges in the embedding space.
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Sequence-to-Sequence Models (Sutskever et al., 2014)

Problem: Variable Length Context
» word2vec embeddings are learned using a fixed context window

» no mechanism to capture variable-length, sentence-level dependencies.
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Sequence-to-Sequence Models (Sutskever et al., 2014)

Problem: Variable Length Context
» word2vec embeddings are learned using a fixed context window

» no mechanism to capture variable-length, sentence-level dependencies.

Idea 3: Learn embeddings for variable length contexts

» seq2seq: Encoder-Decoder to learn a variable-length input X to a variable-length output Y.

Encoder (RNN) Decoder (RNN)
I '—
Context
Vector
(C)
(e
hr, | DI:: s1

<
]
<

much

Output
Sequence
(Variable Length)

forever

|

Fatal All
information compressed
into this fixed vector

iy
Input Sequence
(Variable Length)
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Adaptive Context via Attention (Bahdanau et al., 2014)

Problem: Long sequences don't fit into a single state

> A single vector c lacks the capacity for complex, long-range meaning.
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Adaptive Context via Attention (Bahdanau et al., 2014)

Problem: Long sequences don't fit into a single state

> A single vector c lacks the capacity for complex, long-range meaning.

Idea 4: Don't try to compress into a single state
» Keep encoder states for all tokens and /et the decoder decide what is relevant.

» Dynamic ¢; as a weighted sum of all token hidden states ¢; = ZJ.T:XI ajjh;
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Adaptive Context via Attention (Bahdanau et al., 2014)

Problem: Long sequences don't fit into a single state

> A single vector c lacks the capacity for complex, long-range meaning.

Idea 4: Don't try to compress into a single state
» Keep encoder states for all tokens and /et the decoder decide what is relevant.

» Dynamic ¢; as a weighted sum of all token hidden states ¢; = ZJ.T:XI ajjh;

Translating to modern QKV

(Cross-Attention): — v
> Query (g;): What the decoder wants + [ ¥
K—— [T
EEEEE]

Previous decoder state s;_1

» Key/Value (k;,v;): What the encoder ] EEEEE
EEE———
holds +— Encoder states h; Q - :
Attention
scores
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The Transformer (Vaswani et al., 2017)

» Sequential representations: RNNs decoders are inherently sequential (h; depends on
h:—1). This precludes parallelization within a sequence, strictly limiting training scale.
» ldea 5: “Attention is All You Need.” Remove recurrence entirely.
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The Transformer (Vaswani et al., 2017)

» Sequential representations: RNNs decoders are inherently sequential (h; depends on
h:—1). This precludes parallelization within a sequence, strictly limiting training scale.
» ldea 5: “Attention is All You Need.” Remove recurrence entirely.

Scaled Dot-Product Attention

A“e]l‘]()]l(Q,K, \/)—b()“lll&lX( K > V
\/E
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The Transformer (Vaswani et al., 2017)

» Sequential representations: RNNs decoders are inherently sequential (h; depends on
h:—1). This precludes parallelization within a sequence, strictly limiting training scale.

» ldea 5: “Attention is All You Need.” Remove recurrence entirely.

Output
Probabilities

Scaled Dot-Product Attention
T

K
Attention(Q, K, V) = softmax <Q> %
Ve 5|

Add & Norm

Mutti-Head
Attention

Architectural changes:

» Self-Attention: Remove RNN. Words attend to
other words in the same sequence to build
representations.

» Positional Encoding: Attention processes postiond oo

Encoding Encoding

Add & Norm
Feed
Forward Nx
Add & Norm

Multi-Head
Attention

J

Add & Norm
Masked
Multi-Head

Attention

L -

everything at once, must add positions. 1 il
. ) i o Enbeding Enbetig
» Multi-Head: Multiple attention representations in f f
Inputs Outputs
(shifted right)

parallel.
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Generative Pre-Training (Radford et al., 2019 - GPT-2)

» Massive data: Use massive unlabeled web corpora (instead of labeled).
» Decoder Only: Train decoder-only Transformer using next-word prediction.
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Generative Pre-Training (Radford et al., 2019 - GPT-2)

» Massive data: Use massive unlabeled web corpora (instead of labeled).
» Decoder Only: Train decoder-only Transformer using next-word prediction.

The Objective: Maximum Likelihood Estimation
Maximize the probability of the next token w; given all previous context w.;:

.
| .
mgxz og po(we | wi.t)

t=1
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Generative Pre-Training (Radford et al., 2019 - GPT-2)

» Massive data: Use massive unlabeled web corpora (instead of labeled).
» Decoder Only: Train decoder-only Transformer using next-word prediction.

The Objective: Maximum Likelihood Estimation
Maximize the probability of the next token w; given all previous context w.;:

.
| .
mgxz og po(we | wi.t)

t=1

» Allows for scale: No human labeling is required.
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Generative Pre-Training (Radford et al., 2019 - GPT-2)

» Massive data: Use massive unlabeled web corpora (instead of labeled).
» Decoder Only: Train decoder-only Transformer using next-word prediction.

The Objective: Maximum Likelihood Estimation
Maximize the probability of the next token w; given all previous context w.;:

.
| .
mgxz og po(we | wi.t)

t=1
» Allows for scale: No human labeling is required.

» Takeaway: Data scale +pure next word prediction — learn syntax, semantics, and world
knowledge to perform translation, summarization, and QA.

Part 1: A (Very) Brief History of Probabilistic Language Modelli 10 / 67




Generative Pre-Training (Radford et al., 2019 - GPT-2)

» Massive data: Use massive unlabeled web corpora (instead of labeled).
» Decoder Only: Train decoder-only Transformer using next-word prediction.

The Objective: Maximum Likelihood Estimation
Maximize the probability of the next token w; given all previous context w.;:

.
| .
mgxz og po(we | wi.t)

t=1

» Allows for scale: No human labeling is required.

» Takeaway: Data scale +pure next word prediction — learn syntax, semantics, and world
knowledge to perform translation, summarization, and QA.

Massive Web Text Next-Word Objective Base Foundation Model
(Unlabeled Corpora) (max Z log pe) (Zero-Shot Capable)
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Alignment via RLHF (Ouyang et al., 2022 - InstructGPT)

» The Problem: Base models predict
statistical likelihood, not human values
(can be toxic, unhelpful, or ignore
instructions).
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Alignment via RLHF (Ouyang et al., 2022 - InstructGPT)

» The Problem: Base models predict
statistical likelihood, not human values
(can be toxic, unhelpful, or ignore
instructions).

» The Solution: RLHF shifts the training
objective from likelihood to human
preference.
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Alignment via RLHF (Ouyang et al., 2022 - InstructGPT)

» The Problem: Base models predict RLHF: Alignment via Human Feedback

statistical likelihood, not human values Step 1: Supervised Fine-Tuning (SFT)

(can be toxic, unhelpful, or ignore DQ_’H

instructions) . Human provides desired outputs; Model trained via supervised learning.
» The Solution: RLHF shifts the training J

objective from likelihood to human Step 2: Reward Model Training

@@>
preference. Q = i —= @’i
Human ranks model outputs; Reward Model learns to predict human preference.
Three steps: v -
Step 3: RL via PPO

1. SFT: Supervised fine-tuning on %%H & — g

Reward Mode 9+ *R

high-quality human demonstrations. g Tl .
Model generates text, Reward Model scores it, and Model optimizes policy (PPO) to maximize reward

2. Reward Model: Train a "critic" network
on human rankings to predict preference.

3. RL (PPO): Optimize the model's policy
to maximize that reward score.
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Emergent Abilities of LLMs (Wei et al., 2022)

» Emergent ability: Not present at small scale. (A) Math word (B) Instruction
> Phase Shift: A few-shot prompted tasks U o following
sharply works well for large models. E 9 et
>y Chain of 5 60
- .. 153 hought
» Measuring Scale: Training FLOPS. £ 15 ) 3
. . . . 8 2 50 .
» Unpredictability: Cannot be predicted looking : 10 A itniision
at scaling plots. g s * g
4 o hougne 9
0 30 .
1021 1022 1023 1024 1021 1022 1023 1024
Model scale
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Part 2: Decoder Transformer Architecture



GPT2-like Decoder Transformer
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Tokenizer + Embedding : £* — R™? string to sequence embedding
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GPT2-like Decoder Transformer
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Tokenizer + Embedding : £* — R™? string to sequence embedding

H
(0]

H

()]
=
©
§el

[}
Qo

£
L

+

S

Q
i

c

Q
S
=

\
e
£

X

TXD

TXD

Transformer Block )

Transformer Block
Transformer Block

Q
[0)

o

Transformer Block : R™P — R”*P  sequence embeddings

Part 2: Decoder Transformer Architecture 14 / 67



GPT2-like Decoder Transformer

p=02 0.18
e L] (o]
) p=0.3 0.35
5 r—‘C &2 <)) [crane] > [flies| [flew]| -
B 3 8 8 p=04 03
=H..l: = -
over i} o) o) E p=0. .
> : .’K(g)—* E xO  E £ > XDy P [over| | th;?! | éa:; | -
(5} o —_— o = o p=0. K
H " |2 0|2 8 > [ires] [swarmp] -
==l ° = £ i [eonstruction] # [sie]
>, |crane|->|:| [and] [since]

El S

Tokenizer + Embedding : £* — R™? string to sequence embedding

[+ fmer] [Granes]

Transformer Block : RT™P — RT*P  sequence embeddings
Unembedding + Softmax : R™P — R™IVl" probability over token vocabulary
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Step 1: Tokenizer + Embedding



Step 1: Tokenization, vocabulary vs. length tradeoff

Question
What is the right granularity to discretize text at?

» Raw text must be converted into discrete units — tokenization

» The set of possible tokens defines the model's vocabulary
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Step 1: Tokenization, vocabulary vs. length tradeoff

Question
What is the right granularity to discretize text at?

» Raw text must be converted into discrete units — tokenization

» The set of possible tokens defines the model's vocabulary

Tokenization ideas
» Character-level, e.g., “dog” — ['d’, ‘o', 'g]
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Tokenization ideas
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» UTF-8 code level, e.g., “café” — [99, 97, 102, 195, 169]
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Question
What is the right granularity to discretize text at?

» Raw text must be converted into discrete units — tokenization

» The set of possible tokens defines the model's vocabulary

Tokenization ideas
» Character-level, e.g., “dog” — ['d’, ‘o', 'g]
» UTF-8 code level, e.g., “café” — [99, 97, 102, 195, 169]
» Word-level, e.g., “The dog runs fast.” — ['The', ‘dog’, ‘runs’, ‘fast’, ]
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Step 1: Tokenization, vocabulary vs. length tradeoff

Question
What is the right granularity to discretize text at?

» Raw text must be converted into discrete units — tokenization

» The set of possible tokens defines the model's vocabulary

Tokenization ideas
» Character-level, e.g., “dog” — ['d’, ‘o', 'g]
» UTF-8 code level, e.g., “café” — [99, 97, 102, 195, 169]
» Word-level, e.g., “The dog runs fast.” — ['The', ‘dog’, ‘runs’, ‘fast’, ]
> Subword-level, e.g., Byte Pair Encoding, “happening” — [‘happen’, ‘ing']
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Step 1: Tokenization, vocabulary vs. length tradeoff

Question
What is the right granularity to discretize text at?

» Raw text must be converted into discrete units — tokenization

» The set of possible tokens defines the model's vocabulary

Tokenization ideas
» Character-level, e.g., “dog” — ['d’, ‘o', 'g]
» UTF-8 code level, e.g., “café” — [99, 97, 102, 195, 169]
» Word-level, e.g., “The dog runs fast.” — ['The', ‘dog’, ‘runs’, ‘fast’, ]
> Subword-level, e.g., Byte Pair Encoding, “happening” — [‘happen’, ‘ing']

The tradeoff
Vocabulary size V' vs Sequence length T (and attention cost ~ T?2).
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Step 1: Byte Pair Encoding (BPE): Learning the vocabulary

Idea: Learn the vocabulary from data

Start from a fine-alphabet (e.g. bytes) and iteratively merge frequent adjacent pairs.
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Step 1: Byte Pair Encoding (BPE): Learning the vocabulary

Idea: Learn the vocabulary from data

Start from a fine-alphabet (e.g. bytes) and iteratively merge frequent adjacent pairs.

BPE toy example) BPE Algorithm
1. Corpus with counts: Initialize vocab V with all base bytes/chars.
"hug": 10, "pug": 5, "pun": 12, "bun": 4,

"hugs": 5 il i

1. Count adjacent pairs (a, b).
2. Split into characters:
("h", "u", "g"): 10 2. Pick the most frequent pair.
("p", "u", "g"): 5 3. Create new token c < ab.
(llp"’ llull’ llnll) g 12 -
3. Find the most frequent pair: 4. Repeat M times.

The pair ("u", "g") appears 10 +5 + 5 = 20 times. Final vocab size: ‘\/initia|| + M.
4. Merge Rule #1: "u" + "g" — "ug"
Updated Corpus:
("n", "ug"): 10
("p", "ug"): 5
("p" s "u" s "n") : 12 ...
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Step 1: After tokenization: IDs — vectors

» Tokenizer outputs integer IDs: tok; € {1,..., V}.

v

Show https://tiktokenizer.vercel.app/ or the Jupyter Notebook

v

Convert IDs to vectors via an embedding table £ € RY*9:

one-hot(tok;) ' E = Eiok, € R?  (implemented as a lookup).

v

Add positional information (absolute or relative) before attention.

v

Transformer maps embeddings — logits in RY for next-token prediction.
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https://tiktokenizer.vercel.app/

Step 1: Tokenizer + Embedding

The 150
o 13539
N
c 21401
= )
the ~ 4231
(@]
°
D 49023

Tokenizer : % — [1,...,|V|]"
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Step 1: Tokenizer + Embedding

The 150 ) .
— x —
' m - x2 - ]Cz = .X7
ﬂ‘_) 13539 k= - X -
c 21401 O - X -
S ke X0 = 4
L d O o ha =l xn —
the X 4231 Pel 5
(@] - X, -
= E °
L - X -
I
[] 49023 _ _
E € RIVIXD D

Tokenizer : =* — [1,...,|V|]T Embedding : [1,...,|V|]T - R™*P
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Step 2: Transformer Decoder Block



Step 2: Transformer (Decoder) Block

7

3
85 5
X0 » LE » 2 >@)>
- T2 o
TXD 5Z (@] /
=
HD

\.

MHA : R™P  R™P  Mylti-Headed Attention

Dropout : R™P — R™*P  set each entry to zero with prob. p

Residual connection @ : R™P — R™*P Addition with the input

HD = Dropout, (MHA(X(I))) + X0 e R™P
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Step 2: Transformer (Decoder) Block

e

x® >

TxD

— > X(l+l)

Attention
\4
Dropout
04

‘\\ \4
Layer Norm.

T<D

Multi-Headed

HOD H®

\.

J

LN : RT™D _, RTXD  Layer Norm. forces each token embedding (not the sequence)

to have zero mean and st. dev 1 means: .7, € RT

HO 17, variances: of;.;, € R”
H® =1N, (HV) = LN ey e=10"0

—— |y
/ T52 :
D e+1 ofi.1) learnable parameters: y,
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Step 2: Transformer (Decoder) Block

7

X0 o

TxD

Multi-Headed
Attention

\.

Dropout

v
®
¥

Linear (Up)

Layer Norm
Y

T
B

RelLU

Linear (Down)

>

(

H®

J

FFN : RTXP — RT*P

H® = FEN(H®) = ReLUH®W, + 16])W, + 16]

Feed Forward Network

Part 2: Decoder Transformer Architecture [> Step 2: Transformer Decoder Block

> X(l+l)

T<D

u]1 c RDX4D’ b] c R4D

ReLU(x) = max{0,x}

W, € R¥*P b, € RP
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Step 2: Transformer (Decoder) Block

s )

S5 5 5 2 2 5 5
x® =] o) > —[13]|o o) > X+
b2 s B2 b8 3 € L1E.0- 3 |5

= e = o c @ ] = Qo
P 5< e = 3 0 o > D

S | = |

H® =
H®
\ J

XD = LN, (Dropoutp (HY)) + H(2)> € RTxP
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Step 2: Multi-Headed Attention (MHA) with causal mask

s

XO»

TxD

L

The 3 aspects of every token

« Query (Q (S RTXD): “What information | look for?”

« Key (K S RTXD): “What information do | offer?”

« Value (V S RTXD): “What is my meaning?”

-\

Part 2: Decoder Transformer Architecture [> Step 2: Transformer Decoder Block
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>
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Step 2: Multi-Headed Attention (MHA) with causal mask

s

XOWy — K =
— kT
TxD

- q
- D

) XWo—-0=|
X > - d4qr

TxD _ T<D

- v

xOw, »v=|" "

- v

<D

L

-\

-] The 3 aspects of every token

« Query (Q € RTXD): “What information | look for?”

« Key (K e R™P ): “What information do | offer?”

| « Value (V € [RTXD): “What is my meaning?”

1 Parameters Wo, Wi, Wy, € RDXD

Part 2: Decoder Transformer Architecture [> Step 2:

Transformer Decoder Block

MHA(X®)
>

<D
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Step 2: Multi-Headed Attention (MHA) with causal mask

& )
k, —] The 3 aspects of every token
1 — k2
XOWy ~ K = : » Query (Q € RTXD): “What information | look for?”
kp —
o~ « Key (K e R™P ): “What information do | offer?”
g —]
XOW, - Q = Nl Value (V € RTXD): “What is my meaning?”
U] -
XZ» 9 =1 Pparameters Wo, Wi, Wy, € RDXD
<D <D _
Vi .
v, — Multiple roles of every token
XOW, - v=
V'T _| * “Grammar”, “Semantic”, “Punctuation”
<D  Split to H different d = D/H-dim. “heads”
H
- {QW KW, y®} ", where 0P, K®, V) € R
.

7
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Step 2: Multi-Headed Attention (MHA) with causal mask

s

T<D — qfh) —

— g _
- ¢ - " — (5}
(U] XOWo > 0= : . 3
XV = 1B — g -

TxD _ TXD  _ Txd

XOW, - V=

<D
number of heads: H D
head dimension: d = o

L

daxT

-\

XOWy — K = (KD)T = | 0

|
)
k2

K

T
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Step 2: Multi-Headed Attention (MHA) with causal mask

'S =~
_ . daxT

= r T

. i | | |
XOWg - K= I (KDY = | k™ N

— k- | I

N - a” ~| [ty o o -« 0

(h)
- — w_ |~ @2 — (@ k) (gpky) O - 0
XU)WQ - Q0= 2 oF = : : : HE :

)_(,(2" D ‘I:T - - ‘I;h) - 7(CIT:k1> <fIT:k2) (KIT:kﬂ *MHA(X(I))

TxD N XD  _ Txd T<T D

XOW, - V=

number of heads: H D
head dimension: d = o

. J
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Step 2: Multi-Headed Attention (MHA) with causal mask

' B

_ ~ dxT
-k - r T
S | | |

X(I)WK - K= :2 ( K(h))T — kfh) kéh) k;h)
- k- | |
EmE] - <] [wtr 0 0 - 0
= gy = 1
- 4@ - o= |~ P =1 |ank) (gnky) O - 0

XOW, > 0= : : : P : 1

X(l)'> 1= 4r — | - - 7(517'» k) (grky) ... / {ar-kr) > MHA(X( ))
TxD _ TxD  _ Txd T<T TD

- v - ) 1.0 T

XOw, sv= | 7~ a® = o <<qT i )/\/2> o® = Za(h.) v®

y—> V= T,i T ) k(h) /\/L_i —_ p Ti i
— 1 B Zj=lexp <qj y’
T
<D
number of heads: H D
head dimension: d = —
H
L J
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Step 2: Multi-Headed Attention (MHA) with causal mask

& )
_ - dxT
= r T
_ _ | | |
XOW, - K = i N i i /
k= AR= : KT = [£®™ R 1.
|- f - || | |
EmE] - <] [wtr 0 0 - 0
= g = 1
- 4@ - o= |~ P =1 |ank) (gnky) O - 0
X0, - 0= ~ : : i 4 % B
X(l) > |~ ‘I.T - - - 7(517'» k) (grk) ... . / {ar-kr) > MHA(X(I))
TxD _ TxD  _ Txd T<T TD
= 7 & ( Wy, d) T
] ul | o P (@ k"y/d o® = 3
X()WV S V= i aT,i = = " " - Ti i
T (P HNE) b
T<D ”3,1
number of heads: H D Causal mask: e %’?\C;‘B’}O an,s o6
head dimension: d = — ST y
H ag %62
\ J
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Step 2: Multi-Headed Attention (MHA) with causal mask

& )
dxT
S - T
- k‘ - | | |
XOWy — K = :2 (KT = k}h) kéh) k}”)
- k- || | I
P - a” —| [y o o - o0
— q; = om= |~ éh) - (a-ki) {anky) O - 0
XOW, - 0= ] 3 : : I :
i )
)_(,(2" 1= 4r — | - - 7(qukl> lar.ky) .. / {ar-kr) *MHA(X( ))
TxD = T Txd " T TxD
= i = (h T
— - N xp <<qT ki )/\/2) ") — h) ()
XOW, > V= 1 a) = o® = 3 oy}
: ! T ®) 1) =,
RN 2 exp ((qj NS >/\/3) R
TxD o
number of heads: H D Output (Mix heads): MHA(X) = W,
head dimension: d = — — |ow
H TXD DxD
. J
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Step 3: Unembedding + softmax + training

- x - -z -
- x - -z -
- X3 - <

X0 = - X = - 4 -
- X5 = - 5 -
- X — - Z5 —
- X - - & -
- X3 - - 7z -

TxD T|V]

X0 U +b= Z

TxD Dx|V| x|V
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Step 3: Unembedding + softmax + training

p 02 018
- X - - 4 - p 03 035
- % - -4 [erane] > [fies] [flew] -
- X3 - - 3 — p=04 03
ROTE lt B PP, . AT M*M -
T = x5 - - I - ki_V—
~ .- _ - ¥, exp((y/0) -.:% @
e 0 -
~ - -4 - > [ire]
- - — [eonstruction] > [site] [cran
<D X

franel> [] ana] o]
[ ] [Cranes]

X0 U +b= 2

TxD Dx|V| x|V
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Step 3: Unembedding + softmax + training

p=0.2 0.18
) _ ) ) Temperature E "E -
- X - - 4 - p=03 0.35
- % - -2 - [erane] > [fies] [fiew] -
- X3 - - 3 — p=04 03
T S PR ) M*M -
I - 5 - Wi P
~ - _ - ¥, exp((y/0) -*% @
— — -z - _— p
~ - -4 - > [ire]
- - — [construction] > [site] [cran
<D X

feransl > ]
. [+

&L) U +b=Z Temperature:

e t < 1: logits become larger relative to each other —

sharper distribution — more deterministic.
e t> 1: logits shrink — softer distribution — more random.

<D Dx|V| >|V|
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Step 3: Unembedding + softmax + training

p=02 0.8
o o [The] % [cat] [dog ] -
- x - - - P 03 035
- - S — p= 04 03
RO I PR () M*M -
~ x - -z — Wi P
S - - E1exp(@0 o] (o] [1ar] -
_ e - - - p=03 03
"o o i
> [} 0] s
NS
XU +b= 2 Training loss:

TxD Dx|V| x|V

7 7
L(O) = = ) log pylxyyy | x1.) = = ) log(po,,,,
=1 =1

Part 2: Decoder Transformer Architecture > Step 3: Unembedding + softmax + training 24 / 67



Summary: Decoder Transformer

g ( )
5 az x x
3 9] [9) 9]
@ ko] e} ©
=2 m m m
& 5 5 5
0
N >X0> = o E £
5 5§ X5 |5
N TxD [Pt w -
& g =0 | 2 2
2 g g g
2 = [ =
— 7,

> XDy

D

p=02 0.18

[The] % [cat] [dog]---

p=03 0.35

[crane] > |flies

|f|ew|

=04

p
o] over
P

=0.6

0

3

0.2

P [over| [ the | [ far |-+

=03

0.3

P
]+ [iee] [swermp] -
omstruction] # [5e] [rand]

[crane] %> [] [and] [since]

[+ imer] [Granes]

Tokenizer + Embedding : £* — R™? string to sequence embedding

Transformer Block : R™P — RT*P  sequence embeddings

Unembedding + Softmax : R™P — R™IVI' probability over token vocabulary
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Position Embeddings



Position embedding: Absolute (learned) embedding

The chef cooked t_hg f_isﬁ_.ﬂ

x| X, X3 Xy X5 Xg k’ ) i exp <<6]6, k,'}/\/E)
6

= B VA

= 30 exp (g )a)

Part 2: Decoder Transformer Architecture [> Position Embeddings 27 / 67



Position embedding: Absolute (learned) embedding

The chef cooked t_hg f_isﬁ_.ﬂ

X X, X3 Xy X5 X 6 eXp <<q6’ ki>/\/‘_1)
06 - Z p . Vi
i=1 ijlexp ((qj, kj)/\/ZZ)

The ﬂsﬂ cooked t_hg chef;

X X5 X3 X, X, X
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Position embedding: Absolute (learned) embedding

The chef cooked t_hg f_lsﬂ B

Xy X X X X5 X 6 exp ((%, ki>/\/f_1)
06 = . -
. = 6 ex iy d)
The fish cooked the chef . =l 2 P((qj ) d
X1 X5 X3 Xy X, X - x -
R
xo— |7 B~ swap
e mIERY Torericer + Embeccing [ IS
E e RIVIXP - Y ~
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Position embedding: Absolute (learned) embedding

The chef cooked t_hg f_isﬁ -

X X X3 Xy X5 Xg 6 €xp ((%,k,-)/\/?l)
06= p 'Vi
. = 20 exp (g k)Y
The fish cooked the chef . =2 p(<qf 5)/V/d
Xy Xs X3 X X X [— x —]
oy -
o |- - swap
[The] [chef] [cooked] [the] [fish] [[] => BRELCHE Aot ., | 2 _
E e RV SR
T
- -
PZ=1- p - same
Ep € RTnuxD b= ps —
__ p6 __
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Position embedding: Absolute (learned) embedding

The chef cooked t_hg f_isﬁ -

X X X3 Xy X5 Xg 6 €xp ((%,k,-)/\/?l)
06= p 'Vi
. S S0 exp (g k) d)
The fish cooked the chef . 2 e (0 RV
X X5 X3 Xy X X (= x —]
oy -
co_|m® - swap
[The] [chef] [cooked] [the] [fish] [[] => BRELCHE Aot ., | 2 _
-k -
E e RV - : * PO 4 x©O
T
_ o -
PO=|_ " - same
Ep € RTnuxD ™o = ps -
__ p6 __
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Variations of position embeddings

» Absolute (learned) embeddings:
> Add a position vector (learned) to the embedding
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Variations of position embeddings

» Absolute (learned) embeddings:
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» Sinusoidal embeddings:
> Add a position vector based on a frequency of position
» Relative embeddings:
> Add a position vector inside of the attention computation
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Variations of position embeddings

» Absolute (learned) embeddings:
> Add a position vector (learned) to the embedding
» Sinusoidal embeddings:
> Add a position vector based on a frequency of position
» Relative embeddings:
> Add a position vector inside of the attention computation

Want: Inner product invariant to absolute position shifts

The constructed pos. embedding f : RP? x N — RP has

(f(x1, 1), f(x2,))) = g(x1, %2, i — ) for some g : RP x RP x N — R.

» The inner product depends only on:

> token embeddings xi, X2
> relative distance i — j
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RoPE: Rotary Position Embeddings (Su et al., 2021)

Idea: Rotation preserves inner products

For positions p € {1,..., Trax}, if we have an orthogonal matrices {RP}pT;‘f", s.t.,

Ry, =R_, and RJR,=Rim = (Rmx1,Rox2) = (x1, Ra_mxa).
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RoPE: Rotary Position Embeddings (Su et al., 2021)

Idea: Rotation preserves inner products

For positions p € {1,..., Trax}, if we have an orthogonal matrices {RP}pT;‘f", s.t.,

Ry, =R_, and RJR,=Rim = (Rmx1,Rox2) = (x1, Ra_mxa).

we we

know know

Embedding

Position independent
P “we know that”

embedding
Rotate we by ‘0 positions’
know by ‘1 positions’
From CS336: Lecture 3 on Architectures
Part 2: Decoder Transformer Architecture [> Position Embeddings

know
we

Embedding
“of course we know”

Rotate we by ‘2 positions’
Rotate know by ‘3 positions’
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RoPE: A suitable family of rotations in RP

Rotation in 2D subspaces (“Givens rotation")

lizi 0 0 0
o 0 cosf —sinf 0
G(i,i+1,0)= 0 sinf cosf 0 0
0 0 0 Ip—i-1
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RoPE: A suitable family of rotations in RP

Rotation in 2D subspaces (“Givens rotation")

lica 0 0 0
o 0 cosf —sind 0
G(i,i+1,0) = 0 sinf cosd 0 0
0 0 0 Ip—i—1

RoPE
Let #; = 10000~2"/P (high i rotate slower)

D/2
Ron(p) =[] G(ii +1,p0)),

i=1
f(Xa p) = RO,D(P) X
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RoPE: A suitable family of rotations in RP

Rotation in 2D subspaces (“Givens rotation")

.y 0 0 0
. 0 «cosf —sind 0
Gt 04 10 = 0 sinf cosf 0 0
0 0 0 Ip—i—1
RoPE
Let #; = 10000~2"/P (high i rotate slower)
D/2 ch((pgl)) fsire(fé(?i)
sin(p6; cos(pb
Ry p(p) = G(i,i+1,pb)), 6,) —sin(pf
olp) = ]T 6 b Ryp(p) = it S 2

f(X, p) = RQ,D(p) X
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RoPE: A suitable family of rotations in RP

Rotation in 2D subspaces (“Givens rotation")

iy 0 0 0
.. 0 cosf —sinf 0
G(i,i+1,0) = 0 sinf cos# 0 0
0 0 0 Ip_i 1
RoPE
Let #; = 10000~2"/P (high i rotate slower)
D/2 C_OS((Pgl)) 7sir(1(;‘;93)
sin(p6; cos(pby
R = G(i,i+1,pb)), 6,) —sin(pf
9,0(P) H ( po;) Ro.o(p) = E?:((gef)) coss(g;s)

i=1
f(Xa p) = RO,D(P) X

» Can be viewed as sampled Fourier phases of a Dirac delta (point mass) at position p.
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RoPE: Where it is used?

Where it is used?
For hidden states X € RT %P first compute

Q:XWQ, KZ)(VVK7 V:XW\/
Then, in each attention head and at each position t,

Gr = Ro.q4,(t) gt, Et = Ry 4, (t) ke, Ve = Vp.

Effect on attention scores

_ Ghke b Ro.q,(n—m)k,

amn - -
Vdy Vdy

» RoPE is applied after the Q, K, V projections, separately in each head.
» High-frequency components vary quickly with position = capture local information.
» Low-frequency components vary slowly with position = capture global / long-range.
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Part 3: Architecture Variations, Inference, Post-Training



Part 3a) Architecture Variations



Normalization / Stability

» Representations can grow across many
Transformer blocks.
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Normalization / Stability

> Representations can grow across many
Transformer blocks.

> Large activation scales makes optimization
unstable.

» Normalization keeps representations on a
controlled scale.

> Improve:

> gradient flow,
> training stability,
> depth scalability.
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Normalization / Stability

» Representations can grow across many
Transformer blocks.

» Large activation scales makes optimization
unstable.

» Normalization keeps representations on a
controlled scale.

» Improve:

> gradient flow,
> training stability,
> depth scalability.

Main role in Transformers Keep each sublayer
input well-conditioned before attention / FFN
computations.

Part 3: Architecture Variations, Inference, Post-Training > Part 33) Architecture Variations

Global norm (log scale)

3.5

3.0

2.5

2.0

1.5

1.0

0.5

0.0

-0.5

Gradient global norm

"""" PostNorm+LayerNorm

-~ PreNorm+ScaleNorm+FixNorm+NoWarmup
—— PreNorm+ScaleNorm+FixNorm

—:= PreNorm+LayerNorm

0 200 400 600 800 1000 1200
iteration (x100)
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Pre-norm vs post-norm

Post-norm (original Transformer)

Xj11 = Norrn(x/ + F(X/))

» After the addition and MHA (or FFN).

» Harder to optimize in very deep
Transformers.
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Pre-norm vs post-norm

Post-norm (original Transformer) Pre-norm (modern LLMs)

Xj11 = Norrn(x/ + F(X/))

» After the addition and MHA (or FFN).

» Harder to optimize in very deep
Transformers.
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Xi+1 = x; + F(Norm(x;))

» Before MHA (or FFN).
» Cleaner residual path for gradients.

» More stable for deep, large-scale training.
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Pre-norm vs post-norm

Post-norm (original Transformer) Pre-norm (modern LLMs)
Xj11 = Norrn(x/ + F(X/)) X141 = x + F(Norm(x;))
» After the addition and MHA (or FFN). » Before MHA (or FFN).
» Harder to optimize in very deep » Cleaner residual path for gradients.
Transformers. » More stable for deep, large-scale training.

Most modern LLMs use pre-norm because it trains more reliably at scale.
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LayerNorm vs RMSNorm

LayerNorm Typical examples
(LayerNorm):
Original Transformer,
BERT, GPT-2/3, OPT

Normalizes both mean and variance across features:

x — E[x]

LayerNorm(x) = v ® W +8
» centers and rescales + learned shift 3,
RMSNorm Typical examples
Normalizes only the root-mean-square: SI'R5MPSa|I\_II(\)/Irm)
RMSNorm(x) = v ® X LLaMA-family, Gemma

1 d 2
\/EZizlxi +e

» does not subtract the mean,

» simpler and cheaper, widely used in modern LLMs.
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Common activations: ReLU — GelLU

ReLU (Rectified Linear Unit)

2 ] 5 ARt
FFN(x) = max{0, xW; } W5 1 Models: Original

Transformer, T5,
0 - Gopher, Chinchilla,
‘ ‘ ‘ OPT ...
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Common activations: ReLU — GelLU

ReLU (Rectified Linear Unit)

2 ] 5 ARt
FFN(x) = max{0, xW; } W5 Models: Original

1 B Transformer, T5,
0 ‘ ‘ I Gopher, Chinchilla,
9 0 5 OPT ...

GeLU (Gaussian Error Linear Unit)

FFN(x) = GeLU(xW1) W, 2 i Models: GPT1/2/3,

GeLU(x) = xd(x) 1 B GPTJ, BERT, ...
1 X 0 N

(0] =11 fl — \ \ T

) 2( i (fz)) 2 0 2
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Common activations: ReLU — GelLU

ReLU (Rectified Linear Unit)

2 B —
FFN(x) = max{0, xW; } W,

GeLU (Gaussian Error Linear Unit)

FFN(x) = GeLU(xW; ) W, 2

GeLU(x) = x®(x) 1

O(x) = % (1 +erf<\%)) 0 7_2 .

» Smoother non-linearity: no non-smooth kink at 0.

Part 3: Architecture Variations, Inference, Post-Training > Part 3a) Architecture Variations

Models: Original
Transformer, T5,
Gopher, Chinchilla,
OPT ...

Models: GPT1/2/3,
GPTJ, BERT, ...
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Common activations: ReLU — GelLU

ReLU (Rectified Linear Unit)

2 ] 5 ARt
FFN(x) = max{0, xW; } W5 Models: Original

1 B Transformer, T5,
0 ‘ ‘ I Gopher, Chinchilla,
9 0 5 OPT ...

GeLU (Gaussian Error Linear Unit)

FFN(x) = GeLU(xW1) W, 2 i Models: GPT1/2/3,

GeLU(x) = xd(x) 1 B GPTJ, BERT, ...
1 X 0 N
d(x) == (1+erf[ —
O ) e S

» Smoother non-linearity: no non-smooth kink at 0.

» Soft-gating: preserves information of small negative activations (instead of setting them 0).
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Gated activations (Gated Linear Units, *GLU)

Idea: Separate “gating” from the linear transform

max{0, xW; } — max{0, xW; }® (xV)
map for gating linear map on x

FFNReGLU(X) = (max{O, XW1} ® (XV)) W2
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Gated activations (Gated Linear Units, *GLU)

Idea: Separate “gating” from the linear transform

max{0, xW; } — max{0, xW; }® (xV)
map for gating linear map on x

FFNRecrLu(x) = (max{0, xW;} ® (xV)) W,

GeGLU (=GeLU + GLU)
FFNGeGLU(X) = (GeLU(le) & (X\/)) W, Models: T5-v1.1,
GeLU(x) = xP(x) Gemma, ...
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Gated activations (Gated Linear Units, *GLU)

Idea: Separate “gating” from the linear transform

max{0, xW; } — max{0, xW; }® (xV)

map for gating linear map on x

FFNRecrLu(x) = (max{0, xW;} ® (xV)) W,

GeGLU (=GeLU + GLU)
FFNGeGLU(X) = (GeLU(le) & (X\/)) W, Models: T5-v1.1,
GeLU(x) = xP(x) Gemma, ...

SwiGLU (Swish Gated Linear Unit)

m— SwiGLU

Models: LLaMA,
I PaLM, Mistral, ...

Swish(x) = x sigmoid(x), where
sigmoid(x) =1/(1 4+ e™¥) 1
0

FFNSwiGLU(X) = (SWiSh(XWl) &® (X\/)) Wa
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Takeaways: Modern Transformer Decoder Block

» Normalization placement: Post-Norm = Pre-Norm
> Normalizes inputs before sublayers = better training stability for deep networks.
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Takeaways: Modern Transformer Decoder Block

v

Normalization placement: Post-Norm = Pre-Norm

> Normalizes inputs before sublayers = better training stability for deep networks.

v

Normalization type: Layer Norm = RMSNorm
> Removes the mean-centering = computationally cheaper while maintaining model quality.

v

Activations in Feed-Forward (FFN): ReLU = SwiGLU
> Replaces 2-layer MLP with a 3-layer gated linear unit + Swish(x).

Parameters: Biases = Remove Biases

v

> Bias terms (+b) are dropped to save memory and increase throughput.
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Takeaways: Modern Transformer Decoder Block

v

Normalization placement: Post-Norm =- Pre-Norm

> Normalizes inputs before sublayers = better training stability for deep networks.

v

Normalization type: Layer Norm = RMSNorm
> Removes the mean-centering = computationally cheaper while maintaining model quality.

v

Activations in Feed-Forward (FFN): ReLU = SwiGLU
> Replaces 2-layer MLP with a 3-layer gated linear unit + Swish(x).

Parameters: Biases = Remove Biases

v

> Bias terms (+b) are dropped to save memory and increase throughput.

v

Positional Encoding: Absolute (Input) = RoPE in every head of MHA
> Injected directly inside MHA to model relative distances = improving long-context modelling.
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Decoder transformer

\4
RMSNorm

O+

xO » .;@.; X+

TxD

RMSNorm
¥

<D

Multi-Headed

Attention (causal)
A4
Linear (Up)
SwiGLU
Linear (Down)
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Part 3b) Inference: Prefill vs Decode



Recall: Multi-Headed Attention (MHA) with causal mask
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Metrics for Inference

Metrics
» Time-to-first-token (TTFT): How long user waits before ay generation appears
» Latency (seconds/token): How fast tokens appear for user

» Throughput (tokens/second): How many tokens the model outputs overall per second
(among all users).
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Metrics for Inference

Metrics
» Time-to-first-token (TTFT): How long user waits before ay generation appears
» Latency (seconds/token): How fast tokens appear for user

» Throughput (tokens/second): How many tokens the model outputs overall per second
(among all users).

What is different now?

> Training (supervised): you feed whole sentences (all tokens) = can parallelize over
sequence.

> Inference: you have to generate sequentially = cannot paralelize.
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Metrics for Inference

Metrics
» Time-to-first-token (TTFT): How long user waits before ay generation appears

» Latency (seconds/token): How fast tokens appear for user
» Throughput (tokens/second): How many tokens the model outputs overall per second
(among all users).

What is different now?
> Training (supervised): you feed whole sentences (all tokens) = can parallelize over
sequence.
» Inference: you have to generate sequentially = cannot paralelize.

Why important?
» Providers of closed / open models must solve this problem
» Influences architecture
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Why we broadcast over batches?

Arithmetic Intensity: for X - W, where X € REXP W ¢ RP*F
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Why we broadcast over batches?

Arithmetic Intensity: for X - W, where X € REXP W ¢ RP*F
1. Read X and W: bytes transfered: 2-B-D+2-D- F
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Why we broadcast over batches?

Arithmetic Intensity: for X - W, where X € REXP W ¢ RP*F
1. Read X and W: bytes transfered: 2-B-D+2-D- F
2. Compute XW: flops: 2-B-D - F
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Why we broadcast over batches?

Arithmetic Intensity: for X - W, where X € REXP W ¢ RP*F
1. Read X and W: bytes transfered: 2-B-D+2-D- F
2. Compute XW': flops: 2-B-D - F
3. Write XW: bytes transfered: 2- B - F
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Why we broadcast over batches?

Arithmetic Intensity: for X - W, where X € REXP W ¢ RP*F
1. Read X and W: bytes transfered: 2-B-D+2-D- F
2. Compute XW': flops: 2-B-D - F
3. Write XW: bytes transfered: 2- B - F
flops 2BDF
bytes transfered  2BD + 2DF + 2BF

How many operations per read/write

Intensity =
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Why we broadcast over batches?

Arithmetic Intensity: for X - W, where X € REXP W ¢ RP*F
1. Read X and W: bytes transfered: 2-B-D+2-D- F
2. Compute XW': flops: 2-B-D - F
3. Write XW: bytes transfered: 2- B - F
flops 2BDF
bytes transfered  2BD + 2DF + 2BF
How many operations per read/write

Intensity =

Theoretical arithmetic-intensity limit of the hardware

» LA40S: ~ 200 FLOP /byte (TF32), ~ 400 FLOP /byte (BF16/FP16)
» H100 SXM: ~ 300 FLOP /byte (TF32), ~ 600 FLOP /byte (BF16/FP16)
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Why we broadcast over batches?

Arithmetic Intensity: for X - W, where X € REXP W ¢ RP*F
1. Read X and W: bytes transfered: 2-B-D+2-D- F
2. Compute XW': flops: 2-B-D - F
3. Write XW: bytes transfered: 2- B - F

flops - 2BDF N
bytes transfered ~ 2BD + 2DF + 2BF

How many operations per read/write

Intensity =

Theoretical arithmetic-intensity limit of the hardware

» LA40S: ~ 200 FLOP /byte (TF32), ~ 400 FLOP /byte (BF16/FP16)
» H100 SXM: ~ 300 FLOP /byte (TF32), ~ 600 FLOP /byte (BF16/FP16)

» If computation intensity > accelerator intensity, compute-limited (good)
» If computation intensity < accelerator intensity, memory-limited (bad)
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Why we broadcast over batches?

Arithmetic Intensity: for X - W, where X € REXP W ¢ RP*F
1. Read X and W: bytes transfered: 2-B-D+2-D- F
2. Compute XW': flops: 2-B-D - F
3. Write XW: bytes transfered: 2- B - F

flops - 2BDF N
bytes transfered ~ 2BD + 2DF + 2BF

How many operations per read/write

Intensity =

Theoretical arithmetic-intensity limit of the hardware

» LA40S: ~ 200 FLOP /byte (TF32), ~ 400 FLOP /byte (BF16/FP16)
» H100 SXM: ~ 300 FLOP /byte (TF32), ~ 600 FLOP /byte (BF16/FP16)

» If computation intensity > accelerator intensity, compute-limited (good)
» If computation intensity < accelerator intensity, memory-limited (bad)
Conclusion: compute-limited in BF16 if B > 400.
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MLP Arithmetic Summary

Prefill (T = S)

FLOPs~6BSDF
Memory ~4BSD+4BSF + 6DF
Intensity = O(BS)

» Easy to make compute-limited

» Good regime for hardware utilization
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MLP Arithmetic Summary

Prefill (T = S)
FLOPs~6BSDF

Memory ~4BSD+4BSF + 6DF
Intensity = O(BS)

» Easy to make compute-limited

» Good regime for hardware utilization

Generation (T =1)

FLOPs =~ 6 BDF
Memory =~ 4BD + 4BF + 6DF
Intensity = O(B).

» One token: T =1, for B requests
» Hard to make B large enough

Part 3: Architecture Variations, Inference, Post-Training [> Part 3b) Inference: Prefill vs Decode
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MLP Arithmetic Summary

Prefill (T = S) Generation (T =1)
FLOPs~6BSDF FLOPs ~ 6 BDF
Memory ~4BSD+4BSF + 6DF Memory = 4BD + 4BF + 6DF
Intensity = O(BS) Intensity = O(B).
» Easy to make compute-limited » One token: T =1, for B requests
» Good regime for hardware utilization » Hard to make B large enough
Takeaway
For BT < D, F,

Intensity = O(BT).
So MLP layers benefit strongly from batching:

Prefill: increase BT, Generation: increase B.
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MHA Arithmetic (FlashAttn) Summary

ST . S
Intensity = ST T = Prefill: Intensity = > Generation: Intensity < 1
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MHA Arithmetic (FlashAttn) Summary

ST . S
Intensity = ST T = Prefill: Intensity = > Generation: Intensity < 1

Prefill (T = S)
FLOPs ~ 4BS?D
Memory = 8BSD

. S
Intensity = 2

» Possible to make compute-limited

> Longer context directly helps
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MHA Arithmetic (FlashAttn) Summary

ST . S
Intensity = ST T = Prefill: Intensity = > Generation: Intensity < 1
Prefill (T = S) Generation (T = 1)
FLOPs ~ 4BS°D FLOPs ~ 4BSD
Memory = 8BSD Memory = 4BSD + 4BD
Intensit > Intensit > <1
ntenst = = ntensi = —_—
Y72 YT 511
» Possible to make compute-limited > One token attends to S cached tokens
» Longer context directly helps » Strongly memory-limited
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MHA Arithmetic (FlashAttn) Summary

ST . S
Intensity = ST T = Prefill: Intensity = > Generation: Intensity < 1
Prefill (T = S) Generation (T = 1)
FLOPs ~ 4BS°D FLOPs ~ 4BSD
Memory = 8BSD Memory = 4BSD + 4BD
Intensit > Intensit > <1
ntenst = = ntensi = —_—
Y72 YT 511
» Possible to make compute-limited > One token attends to S cached tokens
» Longer context directly helps » Strongly memory-limited

Takeaway
Batching B improves throughput, but not the intensity (each request reads its own KV cache.)
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Transformer Block: Prefill vs Generation

Prefill

Input: many prompt tokens at once

T=S

» Attention can have high arithmetic
intensity (for long sequences)

» Batching increases throughput, but also,
time-to-first-token (TTFT).
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Transformer Block: Prefill vs Generation

Prefill Generation
Input: many prompt tokens at once Decode one new token at a time
T=S T=1, S = cache length

» Attention can have high arithmetic
intensity (for long sequences)

v

Attention becomes memory-limited
Must repeatedly read the KV cache
Can increase throughput by batching

v

» Batching increases throughput, but also,
time-to-first-token (TTFT).

v

v

But, latency is limited by intensity.
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Transformer Block: Prefill vs Generation

Prefill Generation
Input: many prompt tokens at once Decode one new token at a time
T=S T=1, S = cache length

» Attention can have high arithmetic
intensity (for long sequences)

v

Attention becomes memory-limited

v

Must repeatedly read the KV cache

» Batching increases throughput, but also, » Can increase throughput by batching

time-to-first-token (TTFT).

v

But, latency is limited by intensity.
Main takeaway

Prefill : TTFT vs throughput tradeoff Generation: Intensity limits latency, throughput with B.
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Transformer Block: Prefill vs Generation

Prefill

Input: many prompt tokens at once

T=S

» Compute over the whole prompt in
parallel

» High arithmetic intensity for long
sequences

» Batching improves throughput, but large
prefill jobs can increase TTFT
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Transformer Block: Prefill vs Generation

Prefill Generation / decode

Input: many prompt tokens at once Decode one new token at a time

T=S T=1, S = cache length

» Compute over the whole prompt in
parallel

v

Attention has low arithmetic intensity

v

Each step repeatedly reads the KV cache
» High arithmetic intensity for long

sequences

v

Batching improves aggregate tokens/s

v

Per-user latency is limited by sequential

» Batching improves throughput, but large decoding and memory bandwidth

prefill jobs can increase TTFT
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Transformer Block: Prefill vs Generation

Prefill Generation / decode

Input: many prompt tokens at once Decode one new token at a time

T=S T=1, S = cache length

» Compute over the whole prompt in
parallel

v

Attention has low arithmetic intensity

v

Each step repeatedly reads the KV cache
» High arithmetic intensity for long

sequences

v

Batching improves aggregate tokens/s

v

Per-user latency is limited by sequential

» Batching improves throughput, but large decoding and memory bandwidth

prefill jobs can increase TTFT
Main takeaway

Prefill: compute-rich prompt processing Decode: memory-bound token loop

Batching improves throughput, but serving must balance TTFT and per-token latency.
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Strategy

Prefill
» Goal: reduce TTFT
» Avoid too large batches

» Prioritize latency over throughput
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Strategy

Prefill Generation
» Goal: reduce TTFT » Goal: improve throughput tokens / second
» Avoid too large batches » Merge requests (larger batches) if possible
» Prioritize latency over throughput » Prioritize throughput (latency is limited)
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Strategy

Prefill Generation
» Goal: reduce TTFT » Goal: improve throughput tokens / second
» Avoid too large batches » Merge requests (larger batches) if possible
» Prioritize latency over throughput » Prioritize throughput (latency is limited)

Two regimes

Prefill: small batch (long sequence) = fast first token

Generation: larger batch = better overall throughput
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Strategy

Prefill Generation
» Goal: reduce TTFT » Goal: improve throughput tokens / second
» Avoid too large batches » Merge requests (larger batches) if possible
» Prioritize latency over throughput » Prioritize throughput (latency is limited)

Two regimes

Prefill: small batch (long sequence) = fast first token

Generation: larger batch = better overall throughput

... but what to do about latency in generation?
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Grouped-query attention (Ainslie et al., 2023)

(0000000  COOOOOOD DODOOOOO

Figure 2: Overview of grouped-query method. Multi-head attention has H query, key, and value heads. Multi-query
attention shares single key and value heads across all query heads. Grouped-query attention instead shares single
key and value heads for each group of query heads, interpolating between multi-head and multi-query attention.
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Grouped-query attention (Ainslie et al., 2023)

-|J000000 00000000 00000000

Figure 2: Overview of grouped-query method. Multi-head attention has H query, key, and value heads. Multi-query
attention shares single key and value heads across all query heads. Grouped-query attention instead shares single
key and value heads for each group of query heads, interpolating between multi-head and multi-query attention.

Idea: Fewer key/value heads

» Hg query heads, but only Hk key/value heads
» each interacting with G = Hg/Hk query heads
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Grouped-query attention (Ainslie et al., 2023)

Multi-head Grouped-query Multi-query

Values

- Q0000000 00 0 0
--{0000000 00000000  DOODOCOD

Figure 2: Overview of grouped-query method. Multi-head attention has H query, key, and value heads. Multi-query
attention shares single key and value heads across all query heads. Grouped-query attention instead shares single
key and value heads for each group of query heads, interpolating between multi-head and multi-query attention.

Idea: Fewer key/value heads Why?
» Hg query heads, but only Hk key/value heads Smaller KV cache and less memory traffic
» each interacting with G = Hg/Hxk query heads during generation.
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Why GQA Helps Inference

» MHA: HQ = HK

> largest KV cache

> best flexibility
» MQA: H¢ =1

> smallest KV cache

> strongest decoding speedup
» GQA: 1 < Hx < Hg

> compromise between quality and
efficiency
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Why GQA Helps Inference

» MHA: HQ = HK
> largest KV cache T \ T

> best flexibility \:-;
» MQA: H¢ =1 g“
> smallest KV cache §
> strongest decoding speedup g
» GQA: 1 < Hk < Hg g
> compromise between quality and & B N
efficiency 1 4 8 16 32 64
GQA groups
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Why GQA Helps Inference

» MHA: HQ = HK
> largest KV cache T \ T

" best Reibility % Y Y TS Rpepays (Apuppepape papupapapey ey
> MQA: Hx =1 g 2
> smallest KV cache §
> strongest decoding speedup g 1
» GQA: 1 < Hk < Hg g
> compromise between quality and & e
efficiency 1 4 8 16 32 64
GQA groups
Takeaway

GQA keeps many query heads, but few keys/values heads = reduce the memory cost +
operations.
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GQA Arithmetic Summary

Intensity : ST = ST
V' T+s T T+s/6

Memory : 4BSD = 4852.
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GQA Arithmetic Summary

Intensity : ST = 5T
V' T+s T T+s/6

Memory : 4BSD = 4BS%.
Prefill (T = S)
FLOPs ~ 4BS?D

Memory ~ 4BSD + 4BS(D/G)

_GS
1+1/G G+1

Intensity =

> Slightly better than MHA
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GQA Arithmetic Summary

Intensity : ST = 5T
V' T+s T T+s/6

Memory : 4BSD = 4BS%.

Prefill (T = S) Generation (T = 1)
FLOPs ~ 4BS°D FLOPs ~ 4BSD
Memory ~ 4BSD + 4BS(D/G) Memory ~ 4BD + 4BS(D/G)
GS S
I i = S I 51 = 00— &
ntensity 151/6 - G11 ntensity 155/G G (5>0G)

» Higher intensity than MHA

> Slightly better than MHA » Smaller KV-cache reads by factor G
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GQA Arithmetic Summary

Intensity :

Memory :
Prefill (T = S)
FLOPs ~ 4BS°D

Memory ~ 4BSD + 4BS(D/G)

_GS
1+1/G G+1

Intensity =

> Slightly better than MHA

Takeaway
Prefill: still good,

Part 3: Architecture Variations, Inference, Post-Training [> Part 3b) Inference: Prefill vs Decode

ST ST

Generation: latency and memory lower than MHA

=

T+S  T+S/G

4BSD = 4BS%.

Generation (T =1)

FLOPs ~ 4BSD
Memory ~ 4BD + 4BS(D/G)
S
1+5/G
» Higher intensity than MHA
» Smaller KV-cache reads by factor G

Intensity = ~G (5>0G)

. and same FLOPS!
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Takaways: Inference

» Prefill is parallel and often efficient; decode is sequential and much harder.
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Takaways: Inference

» Prefill is parallel and often efficient; decode is sequential and much harder.

» The KV cache makes autoregressive generation possible, but creates a memory-bandwidth
bottleneck.
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Takaways: Inference

» Prefill is parallel and often efficient; decode is sequential and much harder.

» The KV cache makes autoregressive generation possible, but creates a memory-bandwidth
bottleneck.

» During decode, attention is usually memory-limited, so batching mainly improves
throughput, not latency.
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Takaways: Inference

v

Prefill is parallel and often efficient; decode is sequential and much harder.

v

The KV cache makes autoregressive generation possible, but creates a memory-bandwidth
bottleneck.

During decode, attention is usually memory-limited, so batching mainly improves
throughput, not latency.

v

v

Modern inference methods mostly try to:
> reduce KV-cache size/bandwidth (GQA, MLA, CLA, local attention),
> or recover parallelism (speculative decoding).
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Takaways: Inference

» Prefill is parallel and often efficient; decode is sequential and much harder.

» The KV cache makes autoregressive generation possible, but creates a memory-bandwidth
bottleneck.

» During decode, attention is usually memory-limited, so batching mainly improves
throughput, not latency.

» Modern inference methods mostly try to:

> reduce KV-cache size/bandwidth (GQA, MLA, CLA, local attention),
> or recover parallelism (speculative decoding).

» Final takeaway: LLM inference is not only a “systems” problem, but also an architecture
modeling problem!
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Distribution of language = task-oriented model

Pretraining

» Distribution of language

» Syntax, style, world knowledge

» but only to predict the next token

Part 3: Architecture Variations, Inference, Post-Training [> Part 3b) Inference: Prefill vs Decode 54 / 67



Distribution of language = task-oriented model

Pretraining

» Distribution of language

» Syntax, style, world knowledge

» but only to predict the next token

Post-training
» Teaches behaviour
» SFT: teach the format

> answer questions
> follow instructions
> imitate demonstrations

» RL:

> human preferences
> reward models / verifiers
> RLHF, DPO, RLVR
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Distribution of language = task-oriented model

Pretraining
» Distribution of language
» Syntax, style, world knowledge

» but only to predict the next token

Post-training
» Teaches behaviour
» SFT: teach the format

> answer questions
> follow instructions
> imitate demonstrations

» RL:

> human preferences
> reward models / verifiers
> RLHF, DPO, RLVR

Training data / Signal

Pretraining

... cat sat on the [mask]
dense next-token targets

Supervised fine-tuning (SFT)

User: Explain entropy simply.

Assistant: Entropy measures... ~

full target answer y*

Preference optimization / RL

User: Explain entropy simply.
A: Entropy is uncertainty. v
B: Entropy is a force... X

preference / reward / verifier

Part 3: Architecture Variations, Inference, Post-Training [> Part 3b) Inference: Prefill vs Decode

Objective

|
X Xt: og po(x¢ | X<¢) N

predict the next token

max log py(y™ | x)

imitate desired behaviour

max By, ol )]

optim. correct behaviour

.

Learns

language struct.

style
facts

instruction

following
format / tone

helpfulness

correctness
preference
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Part 3c) Post-training: SFT, IT, RL



Instruction tuning: objective and optimization

Data and model
D= {()<(i)7y(i))}ll,\/:1

with instructions x) and desired responses y(i).
The autoregressive model defines

y \ X Hﬂ'e(}’t | X7Y<t)

t=1
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Instruction tuning: objective and optimization

Data and model

_ {( (i) (i))}N
with instructions x) and desired responses y()
The autoregressive model defines

o(y | x) HWG(Yt | X, y<t).

t=1
Objective

Lsrr(6 ***Zbgm} yi | xi).

» Negative log-likelihood on the assistant response.

» Next-token prediction conditioned on instruction.
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Instruction tuning: objective and optimization

Data and model
={( 0y,

with instructions x) and desired responses y()
The autoregressive model defines

o(y | x) HWG(Yt | X, y<t).
t=1
Objective
Lsrr(6 ***Zbgm} yi | xi).

» Negative log-likelihood on the assistant response.

» Next-token prediction conditioned on instruction.
Part 3: Architecture Variations, Inference, Post-Training > Part 3C) Post-training: SFT, IT, RL

Pretraining

‘ The ” cat ” sat ” down |

v v v v
loss on all next-token predictions

Instructlon tumng

response
‘ <usr> ” 2427 I ‘ <asst> |.@.
Ve v vV

prompt tokens. context only

assistant tokens: optimized

Feed the concatenated sequence [x;; y;] into the causal
LM, but mask out prompt tokens in the loss.
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PEFT: adapt a large model with a small trainable update

Low-Rank Adaptation (LoRA)

Freeze the pretrained matrix W, and learn only a
low-rank update:

W=W,+AW, AW =BA, r<d.

So instead of training all of W, we train only the
small factors A and B.

h = Wox + B(Ax).
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PEFT: adapt a large model with a small trainable update

Low-Rank Adaptation (LoRA)

Freeze the pretrained matrix W, and learn only a
low-rank update:

) ) —

Zl

Pretrained
W= W,+AW, AW = BA, r<d. Weights

So instead of training all of W, we train only the W € Rixd
small factors A and B.

h = Wox + B(AX).
Why this is useful

» few trainable parameters (lower memory /
optimizer cost
» one frozen base model + small adapters

» reduces forgetting since W; stays fixed
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PEFT: adapt a large model with a small trainable update

Low-Rank Adaptation (LoRA)
Freeze the pretrained matrix W, and learn only a
low-rank update:

W=W,+AW, AW =BA, r<d.

So instead of training all of W, we train only the
small factors A and B.

h = Wox + B(AX).
Why this is useful

» few trainable parameters (lower memory /
optimizer cost
» one frozen base model + small adapters

» reduces forgetting since W; stays fixed
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) ) —

Zl

Pretrained
Weights

W € R¥x4

Y E—

Other PEFT

» Adapters: bottleneck modules
» QLORA: Quantized LoRA
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FLAN: Instruction Tuning = Zero-shot Learning (Wei et al., 2021)

What FLAN showed
» |IT improves zero-shot generalization
» gains transfer to unseen tasks

» FLAN 137B beats zero-shot GPT-3 175B on
many benchmarks
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FLAN: Instruction Tuning = Zero-shot Learning (Wei et al., 2021)

What FLAN showed
» |IT improves zero-shot generalization
» gains transfer to unseen tasks

» FLAN 137B beats zero-shot GPT-3 175B on
many benchmarks

Takeaways
» SFT can create instruct behavior

» diverse supervised data gives cross-task
generalization
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FLAN: Instruction Tuning = Zero-shot Learning (Wei et al., 2021)

[ FLAN 137B zero-shot
GPT-3 175B zero shot [l GPT-3 175B few-shot

What FLAN showed
» IT improves zero-shot generalization
» gains transfer to unseen tasks

» FLAN 137B beats zero-shot GPT-3 175B on Natural language inference  Reading Comprehension
many benchmarks

Performance on unseen tasks

Pretrain—finetune (BERT, T5)

Takeaways S
F ined Fi on \{
» SFT can create instruct behavior LM > “taskA on task A
5 g g * Typically requires man
» diverse supervised data gives cross-task task-opacific examples.
. Q * One specialized model
generalization for each task )

Instruction tuning (FLAN)

(. )
: Instruction-tune on
Pretrained - Inference
LM many tasks: — —> on task A
B,C,D, ...

Model learns to perform Inference on
many tasks via natural unseen task
language instructions
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Knowledge extraction, alignment, and hallucinations

» When the model doesn't have the knowledge,
SFT will just imitate the style
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Knowledge extraction, alignment, and hallucinations

» When the model doesn't have the knowledge,
SFT will just imitate the style

» Cross-entropy loss:
a confident hallucination > no answer at all
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Knowledge extraction, alignment, and hallucinations

» When the model doesn't have the knowledge,
SFT will just imitate the style

» Cross-entropy loss:
a confident hallucination > no answer at all
Counterintuitive phenomenon

» Rich and correct instruction data will still
encourage hallucinations

» A weaker student may learn the format of
expert answers, not the underlying ability

» In distillation, a much stronger teacher can
make this worse
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Knowledge extraction, alignment, and hallucinations

> When the model doesn’t have the knowledge, 100 Train Known
SFT will just imitate the style 80 ’
g £
» Cross-entropy loss: S 60 g
a confident hallucination > no answer at all < 4 &
g it
20 B

Counterintuitive phenomenon

» Rich and correct instruction data will still
encourage hallucinations

Dev Accuracy
S
B

» A weaker student may learn the format of :
expert answers, not the underlying ability o 1020 0 40 30

» In distillation, a much stronger teacher can ! ) )
Figure 1: Train and development accuracies as a func-

make this worse tion of the fine-tuning duration, when fine-tuning on
50% Known and 50% Unknown examples. Unknown ex-

Takeaw ay amples are fitted substantially slower than Known. The
best development performance is obtained when the
» SFT is good at extracting present knowledge LLM fits the majority of the Known training examples
but only few of the Unknown ones. From this point,

» It is less reliable for adding new capabilities fiting Unknown examples reduces the performance.
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Midtraining / Two-phase training

>
>
>
>

Data Mixture of Stable Stage

CommonCrawl_Chn Code Pretrain

Open Web Math
Axiv

pes2o

Pile

150

Dolma

Part 3: Architecture Variations, Inference, Post-Training > Part 3C) Post-training:

train on a mixture of web-scale text and instruction data

injects instruct behaviour without leaving the pretraining regime entirely
preserves general knowledge and language modelling ability

reduces catastrophic forgetting: the model loosing previously learned capabilities.

Dat&)llx}g‘ixturc of Decay Stage

Code Pretrain

CommonCrawl-Chn
Byolfustruct

pes
Math SI'T
&) Stack Exchange QA
Oth
Math_Synthetic
UltraChat
Wikipedia

Book Chinese
Code SFT

Pile .
' (SFT_“)ix(v([ Baidu Baike
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When instruction tuning is not sufficient

. . . - . Prompt
Instruction tuning is limited
» There is no single “correct” path v
> Qua"ty is judged by outcome { Answer A ] [ Answer B ] [ Answer C ]

Many plausible responses: instruction tun-

» The important signal appears only after
generation

ing reinforces one recorded target, even

when several answers are acceptable.

v

Different mistakes have different severity

The model may exploit superficial patterns
Preferences are often relative, not absolute

v

v

Same early tokens

In short: instruction tuning learns from fixed targets, but
many post-training signals are comparative or

outcome-based. Bad ending

Good ending

Outcome visible late: two responses may look
similar at first, but only the full completion

reveals whether it is correct, safe, or useful.
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SFT = RL

Training data Training data
(prompt) (answer)

A roll of 25 m wire weighs 5 kg. Since 75

How much does a 75 m roll weigh? | m s 3 times 5 .. weighs 15 kg

gradient update on @ to increase the prob.

Compute loss of p,("m" | "Since", 75", prompt) = of observed training distribution
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SFT = RL

Training data Training data Generated answer
(prompt) (answer)
Aroll of 25 m wire weighs 5 kg. Since | 75 . 'm lis 3 tmes 5 ., weighs 15 kg

How much does a 75 m roll weigh? |

7

Compute loss of p,("m" | "Since", "75", prompt) =

gradient update on @ to increase the prob.
of observed training distribution

A roll of 25 m wire weighs 5 kg. . < . >
How much does a 75 m roll weigh? A 25 m (roll | {weighs ... [ So{(the [answer |is (15 |-

Generate from "m" ~ m,( - | "A", "25", prompt) = check correctness = push probability of path up
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SFT vs RL

Supervised Fine-Tuning (SFT)

max E(xy )~ [ logmo(y* | x)]

» Target: “do this”
» Full desired output y* is given

» Strong, structured training signal
x — y*

Increase probability of the target response.

Part 3: Architecture Variations, Inference, Post-Training > Part 3C) Post-training: SFT, IT, RL 63 / 67



SFT vs RL

Supervised Fine-Tuning (SFT)
max ]E(wa*)ND[Iogﬂg(y* | x)}
» Target: “do this”

» Full desired output y* is given

» Strong, structured training signal
x — y*

Increase probability of the target response.

Reinforcement Learning (RL)

mgxx ExnD, yorms(-|x) [Y(X7Y)]

» Reward: “what you did worked well”
» Model must first sample an output y

» Feedback is weaker: a reward score

x — y — r(x,y)

Increase probability of higher-reward responses.
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SFT vs RL

Supervised Fine-Tuning (SFT) Reinforcement Learning (RL)
max E(x,y)~p [ log mo(y* | X)] W ExnD, yromo (1) [1(X: ¥)]
» Target: “do this” » Reward: “what you did worked well”
» Full desired output y* is given » Model must first sample an output y
» Strong, structured training signal » Feedback is weaker: a reward score
x—>y* X—>y—>r(X7y)
Increase probability of the target response. Increase probability of higher-reward responses.

Challenges of using rewards
» Scalar vs structured: a label specifies the desired output; a reward is one number.

» Credit assignment: the reward arrives after the whole response, so it is unclear which part
of reasoning are responsible for it.
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RL formulation for an LLM

action g, : sampled token y, ~ p,( - |x,y.,)
state s, : prompt + partial completion (x,y.,)
policy n, : LLM next tok. prediction

al ~ 7[()( . |X)

s ="x sy = (x,y))

A roll of 25 m wire weighs 5 kg. A
How much does a 75 m roll weigh?

V1
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RL formulation for an LLM

action g, : sampled token y, ~ p,( - |x,y.,)
state s, : prompt + partial completion (x,y.,)
policy n, : LLM next tok. prediction

ay ~ my( - | x) ay ~ my( - | X, yy)
S =X s =(xy)  s3=(x5y,))
A roll of 25 m wire weighs 5 kg. A o5

How much does a 75 m roll weigh?

Vi Y2
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RL formulation for an LLM

action g, : sampled token y, ~ p,( - |x,y.,)
state s, : prompt + partial completion (x,y.,)
policy n, : LLM next tok. prediction

ay ~ my( - [x) ay ~mp( - |xy)  ap~ m( | xyo,)
/\ /\

S2=(X,y1) S3=(X,yl,)’2) Sf=(x9y<r) ST=(x9y<T)

S =X

A roll of 25 m wire weighs 5 kg. :
How much does a 75 m roll weigh? A 23 wire S
N Y2 Ve Yr

rollout y_; : fully AR sampled answer
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RL formulation for an LLM

action g, : sampled token y, ~ p,( - |x,y.,)
state s, : prompt + partial completion (x,y.,)

(Final) reward: r, € R

olicy z, : LLM next tok. prediction -
policy P verifier R(x, y.7)
a; N”(;(' | x) az“‘”g(‘ |x,y|) a;"’ﬂ'{)(' |X,)’<1)
5 =% $=0y) S3=0yLy) ... 5=y,
A roll of 25 m wire weighs 5 kg. :
How much does a 75 m roll weigh? A 23 wire
Y1 2 Vi

rollout y_; : fully AR sampled answer
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RL formulation for an LLM

action g, : sampled token y, ~ p,( - |x,y.,)
state s, : prompt + partial completion (x,y.,)

(Final) reward: r, € R

olicy n, : LLM next tok. prediction .
policy P verifier R(x, y.r)
ay ~ my( - | x) ay ~m( - | xy) g~ w1,y
s ="x $=@y)  S3=00yEY) . 5= 00y,
A roll of 25 m wire weighs 5 kg. :
How much does a 75 m roll weigh? A 23 wire
V1 Y2 Vi

rollout y_; : fully AR sampled answer

T
total future reward: G, = Z y"~'r,, wherey € (0,1) is fixed discounting
=t
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RL formulation for an LLM

action g, : sampled token y, ~ p,( - |x,y.,)
state s, : prompt + partial completion (x,y_,)

(Final) reward: r, € R

olicy n, : LLM next tok. prediction .
policy P verifier R(x, y.r)
ay ~ my( - | x) ay ~m( - | xy) g~ w1,y
s ="x $=@y)  S3=00yEY) . 5= 00y,
A roll of 25 m wire weighs 5 kg. :
How much does a 75 m roll weigh? A 23 wire
V1 Y2 Vi

rollout y_; : fully AR sampled answer
T

total future reward: G, = Z y"~'r,, wherey € (0,1) is fixed discounting
=t

<= Expected future reward under 7, from s,

64 / 67

Value function: V(s) = E,..;s) [G/] 5]
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REINFORCE: Gradient Update on the Policy (LLM)
Objective:

max J(0) := Eyp oo [R(x, )]
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REINFORCE: Gradient Update on the Policy (LLM)

Objective: Idea: Use gradient update:

max J(0) := E,.p 1 [RE V)] 0D = 90 + a'V,J(0)
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REINFORCE: Gradient Update on the Policy (LLM)

Objective: Idea: Use gradient update:

m;lx J(O) = IEx~D,y~zz0(~|x) [R(x, y)] e+ = g 4 aV,J©)

How to compute V,J(6)?

Vomy = myVlog my

VoJ(0) = E, [R(x,y)] = E, [R(x, y) Vlog 7(y | )]
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REINFORCE: Gradient Update on the Policy (LLM)

Objective: Idea: Use gradient update:

max J(0) := E,.p 1 [RE V)] 0D = 90 + a'V,J(0)

How to compute V,J(6)?

Vomy = myVlog my

VgJ(0) = E, [R(x, )] = E, [R(x, ) Vlog 7y | )]

T
,
7y | x) = H/r(,(y, lxy,) = E,.,| R, y) Z Volog my(y, | X,y | -

=1 =1
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REINFORCE: Gradient Update on the Policy (LLM)

Objective: Idea: Use gradient update:

m;lx J(O) = IEx~D,y~zz0(~|x) [R(x, y)] e+ = g 4 aV,J©)

How to compute V,J(6)? V1, = 1,V log 7,

VoJ(0) = E, [R(x, )] = E, [R(x, y) Vlog 7(y | )]

T
,
my(y | x) = H/r(,(y, | x,y<,) =E,, [R(xy) Z Volog my(y; | x.y<) | -

=1 =1
REINFORCE:
« sample prompt x ~ D T
+ answery ~ my( - |x) 0+ = 09 + aR(x, y) 2 Volog my(y, | x,y<,)

« score reward R(x, y) € R? =1
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Summary

» We covered:

> Evolution of language models into LLMs (motivations, challenges, . ..)
> GPT2-like architecture (tokenizer, transformer, MHA)

> Further architecture variations (RoPE, SwiGLU, pre-Norm)

> Inference (prefill vs. generation, memory intensity, GQA)

> Post-training (SFT, LoRA, RLVR)
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Summary

» We covered:

> Evolution of language models into LLMs (motivations, challenges, . ..)
> GPT2-like architecture (tokenizer, transformer, MHA)
> Further architecture variations (RoPE, SwiGLU, pre-Norm)
> Inference (prefill vs. generation, memory intensity, GQA)
> Post-training (SFT, LoRA, RLVR)
» Many important topics not covered:
> Mixture of Experts
> Scaling laws
> Theory + Training dynamics
> Data-mixtures
> Technical: Inference vLLM, PagedAttention, FlashAttention.
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Summary

» We covered:
> Evolution of language models into LLMs (motivations, challenges, . ..)
> GPT2-like architecture (tokenizer, transformer, MHA)
> Further architecture variations (RoPE, SwiGLU, pre-Norm)
> Inference (prefill vs. generation, memory intensity, GQA)
> Post-training (SFT, LoRA, RLVR)
» Many important topics not covered:
> Mixture of Experts
> Scaling laws
> Theory + Training dynamics
> Data-mixtures
> Technical: Inference vLLM, PagedAttention, FlashAttention.
» Recommended Sources:

> CS336 Language Modeling from Scratch

> Karpathy's nanoGPT + microGPT, link

> CS224N NLP with Deep Learning

> Blog “A History of Large Language Models” by Gregory Gundersen
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