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Optimization over the (generalized) Stiefel manifold

General form

in f(X
XglRl}}pr (X)

s.t. X € Stg(p,n) :={X €R™?: X"BX = I,,}

o f:R"P — R, continuously differentiable

e B c R™ ™ positive definite

e p(p+ 1)/2 constraints: non-convex

e Stg(p, n), (generalized) Stiefel manifold
Challenges

» nonconvex constraints

» stochasticity

o preserving feasibility (large scale)

o parallel scalability

f(z,y,2) = 2% +5y> — 322 + 5z



Riemannian optimization

& Riemannian gradient method

! Choose search direction i
|

| ZF = —gradf(X*) |
i Perform a line search scheme and i
| choose a suitable step size t;, |

% How to compute a Riemannian gradient for Stg?
© depends on chosen metric, but involves B—* or B=1/2 .
% How to construct a retraction map for Stg?
© Polar (B1/2), QR-based (Cholesky LLT = X" BX and L~')..
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~> New challenges emerging from applications!



Orthogonal weights in deep learning
D
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Neural networks with Stiefel manifold [Bansal-Chen-Wang18; Wang-Chen-Chakraborty-Yu'20]

e random variable: &, resp. a dataset of N samples d;:

. _ 1N . 3 .
o, ElXOl=yom fXd) | Cheap stochastic gradient

s. t. X € St(p,n)




Canonical Correlation Analysis (CCA)

Similarity between neural network X er L
representations [Raghu etal17]
e datasets: Dy = (d},...,dl),
Dy =(d},...,dY)e RN
e the top-p most correlated principal
components: X, Y € R"*?

X W, X W, eRr™

i E;, [—tr(XTdi(d)TY
X,)r/nelnrglw [ r( 1(d3) )]

st XTEdi(d)T)X = I, and YT Ey[di(di)T]Y

:Ip

~» Random manifold

o rank-deficient sample? mini-batch

.(dt (dt )T
o storage of B? B - [t"’l”l) Lo }
0 [ (i) T y=1,



Can we still resort to geometric methods?

e choose search direction on the tangent space Z = —gradf(X)
- depends on the Riemannian metric g(-, ), thus projection

e line search with a suitable step size ¢

o X +1tZ7
- retraction: X* = Rx(tZ)

~~ Intractable geometry with noisy samples



Landing field and landing flows



An algorithm to overcome the challenges

infeasibility
decomposition-free

orthonormalization-free paral_le[
retraction-free __mini-batch

Computing  rank-deficient

wnaios MaNIfold online  variance-reduction

... Stochasticstjefel

geometry - torage
Lener large-scale  rapdom

generalized
non-convex

scalability

gpu-acceleration

Desirable algorithm

e retraction-free orthonormalization-free

e stochastic gradient variance reduction

e random manifold with noise generalized manifold
e mini-batch rank-deficient covariance

e online data storage of manifold

e GPU acceleration paraltel scalability



Penalty methods - inexact penalty

min - f(X) L xT 2
rerm N(X) = 31X" BX — L[|z
s.t. X eStg(p,n)

e Quadratic penalty: f(X) + wN (X) with VN(X) = BX(X " BX — I,) being cheap

— St(1,2) @ Penalty solution X*
A=0.1

o] @ Polar bd
® QR based
®  VNR(Y) $
_ w0 +
k] o o
g
£

-}~ Constrained solution Xs(p,n)

2EED .\\

I R SIS SRR

N

Dimension (n)

e w is small: minimizer is far from manifold
e w is large: bad condition



Infeasible methods

Penalty — augmented Lagrangian exact penalty

e augmented Lagrangian function [Powell’69; Hestenes'69]
1
F(X) = 5 (A, X"BX — L) + wN(X)
e Fletcher's augmented Lagrangian [Fletcher70]
1 -
FX) =5 (BX)'[Vf(2)), X" BX — L) +w N(X)
e modified augmented Lagrangian function (PLAM): [Gao-Liu-Yuan'19]

F(X) = Slsym(VF)TX), XTBX — )+ A ()

~~ performance is sensitive to the penalty parameter:
w>wr >0



Landing field

Landing system continuous-time
X(t) = A (X (1)
e landing field:
AX) :=TU(X) +w VN(X)

/,"’X \ OQ NN
e relative ascent direction: ¥ z(X) T —wVN(X) -t - y
Up(X) == 2skew (Vf(X)X ' B) BX /\ St (p, n)
o _ Stg(p,n)® ’

and VN(X) = BX(X"BX — I,,). o el
Important points:

o (Up(X),VN(X)=0,~w=>0
e For X € St%, can guarantee also: X — nA(X) € St%.

i



Safe step size to remain in the safe region

2
Stg(p,n)® = {X ceR™ . | X"BX — L|% %}

Ford=||X"BX — I||p and Ly = B1 + 4rp

W[ VNX)|? + V2 [VN (X[ + La[[AX)[2(e? — d?)
Ly [IACX)[? ’

the next iterate stays within the e-region: X" € Stz(p, n)°

n<mn(z):=



Safe step size to remain in the safe region

2
Stg(p,n)® = {X ceR™ . | X"BX — L|% %}

Ford=||X"BX — I||p and Ly = B1 + 4rp

_ SN + PN+ AP = @)
(R INTACXT? |

the next iterate stays within the e-region: X" € Stz(p, n)°

Lower bound for the safe step size

X e 02 2
> i=mi
n(X) = i { V2Ln Cy’ Ly (C2 + w? Ch52)} ’

for Cp, = /(1 — E)mgl, Ch =+ (1 4+¢)kp, and Cy > sup ¢ vy [|T(X)].



Discrete-time convergence: global convergence

Merit function [Fletcher's Augmented Lagrangian] [Goyens et al. 2024]
1
LX) =f(X) 5 (BX)'[Vf(2)], X" BX — I,) + BN (X)
for suitably chosen §.

Global convergence
For iterations from X, € St%3(p, n) with bounded 1 < min {ﬁﬂ?*}, andw >0

K
T st < HEERED ane ZN 3 < XL,

where £* = min xests (p,n) L(X) and L. is Lipschitz constant of L.

Worst-case complexity
. . . T _ _
Jof ([ WX = O(1/VK)  and Juf || X BX; — Lllr O(1/VK)



Stochastic algorithms




Landing on random Stiefel manifolds

min B[ (X))

s.t. X €Stp(p,n) = {X e R™?|XTBX = I,} and B = E[B]

I e S

P | ~
S LWVNg - Ao ~

noise __~ ]
StB(p7 n) y

Stochastic landing
Xk+1 S )(’C - ﬁkA§k7<k7</k(Xk)
o Mg (X) = Ve o (X) +wVN e (X)
L] \Ifg_(’(:/(X) = 2 skew (Vfg(X)XTBc) B(:/X
o VN¢ o (X)=2B:X (X"BoX — I,) and N(X) = 1| X" BX — I,||%
e Per-iteration complexity for r-batch size: O(npr) time and O(np) space 14



Landing stochastic gradient descent (Landing-SGD)

We haVe E[Agk’gk’clk(x)] - A(X)

Xk+1 == Xk - nkAé‘k’Ck’C/k(Xk)

Decreasing step size
For n, = no x (14 k)~ 2 where 5y = 1/(k%L.) and assuming the segments [X; Xz11] € Stp

it EOI =0 (<50} ang it Evx) = 0 (<E2))

Sample complexity: O(¢~2) which matches the classic Riemannian SGD



Landing on general manifolds

min ()

z€RY
s.t. XeM:={zecR*: h(z) =0}

General landing i oo — mA(22)
k+1 = Lk — Tk k

Azg) = ¥(z) + wVN ()
N(X) = 3||h(2)]]? (stochastic [A(xk) i E(xk,Ek)]>

Relative ascent direction
A relative ascent direction ¥(z) : RY — R9, with a parameter p > 0 that may depend on ¢
satisfies:

(orthogonality) Vz € M?, Vo € span(Dh(z)*) : (¥(z),v) =
(gradient-related) Vz € M* we have that (¥(z), Vf(z)) > p||\I/( )%
(optimality) For z € M, we have that (¥(z), Vf(z)) = 0 if and only if z is a critical
point of f on M 1o



Numerical experiments




Numerical test on convolutional neural network with orthogonal kernels

Orthogonal CNN g,.| MRS TSN
E » Ao, ""ﬁ«ul
min 35 0(fo (1), v:) 1 .
s.t. 0 € Ogun : 0; € St(p, n) ‘é 107 e 1-- »
g -
e fo(+) is VGG16 convolutional neural
network,
® Ouren includes 13 matrices of size o L _;.Q!.
~ 10002, -
o (z;,y;) samples from CIFAR-10, U ‘ N
with a batch size of 128 samples, fixed = /./‘
stepsize (decreasing every 50 epochs) 0% L tanirs - :: i:m |

I i
0 10 20 30 17
Time (min.)



Numerical test on generalized eigenvalue problem

Generalized eigenvalue problem

== Riem. grad. descent

g 100 ~
Xfefigglxp tr(X T AX) > . Qi = Landing with W&(X)
Z 107 NS = Landing with Wg(X) |
s. t. X € Stp(p,n) E—’ \§:_ e
© M— : _—
e condition number: x = 100 X 10244 ——
2
e dimension: n = 1000 and p = 500 S \\
£ 10 S
o MA); € [1/r,1] 2 —
10—16

A(B); € 1/, 1]. B
GPU acceleration: CUDA

40 60 80 100 120
Time (sec.)

o



Numerical test on stochastic CCA

T
Riem. GD (avg.)

10° : PLAM (avg.)
. o == Landing (Ws(X), avg.)
StOChaStIC CCA E == Landing (V5(X), online)
— 2 \
i E; [—tr(XTdi(d)TY g™
X, )I,nelﬂfglnxp [ r( 1( 5) )] s Md.,.
s. t. XTE[di(d))T]X =1,
YTEi[dé(dé)T} Y = Ip 102
103
e Benchmark test on MNIST < 10! L
(60000 samples) % o ———
e dimension: n=128%p=>5 .
[a)
e batch size: 512 Los

0 10 20 30
Time (sec.) 19



Conclusion and perspectives

Take-home notes

e retraction-free algorithms
decomposition-free; parallel scalability; BLAS operation

e stochastic gradient + noisy manifold

e generalized stiefel + general manifolds
~ higher-order landing flow

— other manifolds

- line-search?
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Thanks for your attention!

Email: simon.vary@uclouvain.be
Homepage: https://simonvary.github.io
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Geometric interpretation of the landing

Geometry: X ¢ Stp(p,n)
Stg[(p, n)={Y eR"": Y'BY = M} NXStng”‘\'(p, n)

o diffeomorphism from St(p, n) to St} (p, n):
1

@y R SRV X s Y = BTEXM?2
e tangent space:

TyStM(p,n) = {WBY : W € Sl }
e normal space:

NyStM(p,n) = {Y(YTY)"'5: 5 € 82,,}
e Riemannian gradient:

gradf(X) = sk(B~'Vf(X)X")BX

A(X) = U(X) + wVN(X)

Relative desc. direction  normal direction
22
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